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Abstract-The paper presents the results of theoretical and experimental investigations on footings on 
homogeneous and layered soils. Experimentally, laboratory tests were conducted on a model strip footing 
on homogeneous and two layers of sand and theoretically a finite element model using a non-linear stress- 
strain relationship was developed to simulate the testing conditions. The theoretical results compared well 
with the experimental data. The theoretical model was then used to generate data for the purpose of 
comparison with existing design theories. 
NOMENCLATURE 
B = Width of footing 
d = Parameter expressing the rate of change of yi 
with strain 
Ei = Initial tangent modulus 
E, = Tangent modulus 
F = The rate of change of 7; with u3 
f = Value of tangent Poisson’s ratio at zero strain 
G = Value of yi at 1 atm 
K = Modulus number 
n = Exponent 
pa = Atmospheric pressure 
4. = Ultimate bearmg capacity per unit area 
R, = Failure ratio 
e3 = Minor principal stress (confining pressure) 
(a, - ua) = Stress difference 
(ai - Ok), = Stress difference at failure 
(ai - ua). = Asymptotic value of stress difference 
4 = Angle of internal friction 
‘J = Unit weight of soil 
y, = Tangent Poisson’s ratio 
E, = Axial strain 
E, = Radial strain 
c, = Volumetric strain 
INTRODUCTION 
Foundation engineering problems can be solved by two different approaches: experimentally, by 
conducting model and full-scale tests; or, analytically, by using methods such as finite elements. 
Full-scale tests are the ideal method for obtaining data, however, practical difficulties and economic 
considerations either eliminate or considerably restrict the possibility of full-scale testing. As an 
alternative model tests may be employed, but they have disadvantages. The results of these model 
tests are usually affected by the boundary conditions of the testing box, the size of the footing, the 
sample disturbance, the test setup and procedure. Due to the fortunate developments in numerical 
methods and computer programming, it is advantageous to use these techniques to simulate the 
conditions of model tests to verify the theoretical models. The theoretical study can then be 
extended to cover a wide range of field cases which engineers omitted using full-scale testing. 
The purpose of this paper is to present the results of a strip footing on homogeneous and layered 
sands using a small-scale model, followed by a theoretical analysis using the finite element technique, 
simulating the conditions of the experiment. The theoretical results were compared with the 
experimental values in terms of ultimate bearing capacity and settlement of the footing. Furthermore, 
the stresses in the soil were compared with the theoretical values obtained by Boussinesq. 
ANALYSIS 
The plane strain finite element model used in this investigation is shown in Fig. 1. The model 
was used to duplicate the testing conditions of the experimental investigation reported by Hanna 
[I]. The mesh was 20” high and 24” in length. The soil tested was homogeneous dense sand, a 
dense sand layer overlying loose sand and a dense sand layer overlying compact sand. The soil 
parameters of these sands were determined from plane strain test results on representative samples 
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Fig. 1. Finite element model. 
[l] and based on the non-linear stress-strain relationship proposed by Kulhawy et al. [Z] and 
Duncan and Chang [3]. The nodal points along the vertical boundaries and the bottom horizontal 
boundary were constrained by horizontal or vertical movements, respectively. The rest of the nodal 
points including those at the surface were unconstrained. 
A finite element computer program developed by Kulhawy et al. (1969) applying the non-linear 
stress-strain formulation for soils, which was proposed by Duncan and Chang [3], was used in 
this study. The program is composed of one principal program LSBUILD and six subroutines 
(LAYOUT, LSSTIF, LSQUAD, LSTS, BANSOL and LSRESL). The program uses the incremental 
procedure in the analysis, by which the change of loading is analysed in a series of steps or 
increments. At the beginning of each new increment of loading, an appropriate modulus value was 
selected for each element on the basis of the stress or strain values at that element. Thus, the non- 
linear stress-strain relationship is approximated by a series of straight lines (successive iterations). 
Figures 2-5 and Table 1 show the results of the experimental data generated from plane strain 
tests on dense, compact and loose sands and the parameters used in the present investigation. 
Furthermore, Figs 2(a-c) show the experimental stress-strain data plotted on transformed axes 
where values of the initial tangent modulus, Ei and the minor principal stress Q~ can be expressed 
by 
, 
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Figs 2(a-c). Transformed stress-strain curve. 
where 
P, = atmospheric pressure, 
K = modulus number 
and 
n = exponent modulus determining the rate of variation of Ei with e3. 
Using equation (1) and the experimental relationship between Ei and e3, values of the parameters 
K and n were determined, see Fig. 3. The failure ratio R, is given by 
R _ (01 - U3)f 
f - (0, - 63)“’ (2) 
where (a, - e3)r is defined as the principal stress difference at failure. Using equation (2) and the 
experimental data, values of Rf were determined. Equation (3) represents a hyperbolic equation 
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Table 1. Summary of the soil parameters used in the present investigation 
Soil parameters Dense sand Medium sand Loose sand 
Unit of weight. (pcf) ‘/ 104.0 98.3 92.6 
Angle of shearing resistance. C#J (deg) 41.1 40.5 35.5 
Modulus number. K 2429 1450 700 
Modulus exponent, n 0.543 0.577 0.653 
Failure ratio. R, 1.ooo 0.90 I 0.905 
Poisson’s ratio. G 0.402 0.485 0.43 1 
F 0.114 0.103 0.087 
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which describes the non-linear relationship of the axial and radial strains during a triaxial shear 
test, as given in Ref. [2]: 
“J +dcrr 
P 
(3) 
where 
E, = radial strain, 
E, = axial strain, 
f = initial tangent Poisson’s ratio (ri) 
and 
d = parameter expressing the rate of change of yi with the radial strain. 
Also, the value of yi was reported to follow the equation 
yi = G - Flog?, 
P 
where 
(4) 
G = value of yi at 1 atm 
F = rate of change of yi with cr3. 
Again using the experimental data and equations (3) and (4), values of yi and d, and G and F, were 
determined as shown in Figs 4 and 5, respectively. 
RESULTS 
Results from the present investigation together with the experimental results reported by Hanna 
[l] are shown in Figs 6-8. Further, Figs 6 and 7 show the ultimate bearing capacity, qu (defined 
as the maximum load that can be. supported by the footing), vs the ratio H/B for a surface strip 
footing on dense sand overlying loose sand and compact sand, respectively (H = thickness of the 
upper dense sand layer below the footing base, B = width of the footing). It can be seen from these 
figures that the ultimate bearing capacities deduced from the present investigation are in good 
agreementth the corresponding experimental values. Figure 8 shows the deformation of the upper 
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Fig. 7. q. vs H/B ratio for a surface strip footing on 
dense sand overlying compact sand. 
Fig. 8. Layer settlement-a strip footing under a vertical 
load on dense sand overlying loose sand. 
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and lower soil layer as determined from the present investigation and experimentally as plotted 
from the glass window (scale 1: 1) of the testing tank. The discrepancies observed in Fig. 8 between 
the experimental and theoretical values of the soil deformation can be attributed to the difference 
between the strain-controlled condition of the experimental model and the stress-controlled 
condition of the finite element model. 
The major principal stress predicted from the present investigation and that calculated from 
Boussinesq’s equation are presented in Figs 9(a, b) for a footing on homogeneous dense sand. It 
can be seen from these figures that, while good agreement was achieved in Fig. 9(a), a disagreement 
can be observed in Fig. 9(b). This can be explained by the fact that Boussinesq’s equation is based 
on the assumption that the soil behaves as an elastic material where, approximately, the applied 
load is about or less than one-third of the ultimate bearing capacity of the footing. 
Figure 10 shows the major principal stress distribution deduced from the present investigation 
for the case of a footing on dense sand overlying loose sand. Although no such theory is available 
in the literature to predict these stresses for the purpose of comparison, it is of interest to note that 
the stress bulbs were discontinued due to the existence of the lower weaker layer. 
CONCLUSION 
A finite element model was developed for the cases of strip footings on homogeneous and layered 
sands. The model utilizes the non-linear stress-strain relationship developed by Duncan and 
Chang [3]. The model compared well with the experimental data reported by Hanna [l] and 
related design theories. 
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Figs %a. b). Stress distribution below a strip footing on homogeneous dense sand, (a)P = lOpsi (P 2 1%). 
(b)P = 20psi (P z 3%). 
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Fig. 10. Stress distribution below a strip footing on a dense sand layer overlying loose sand, P = 10.8 psi. 
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